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A scattering-angle-dependent formula is obtained for estimation of anomalous

diffraction signals in Friedel pairs in protein crystals. In addition to the angle

dependences of atomic form factor and temperature factor, a correlation form

factor is introduced for the ®rst time to take into account anomalous-scattering

clusters such as disul®de bonds. Good agreements with experimental observa-

tions suggest that such correlated anomalous difference signals may be visible

from measurements before a complete structural solution is obtained.

Single-wavelength (SAD) and multiple-wavelength anomalous

diffraction (MAD) have become practical methods for phasing

macromolecular crystal structures. Both methods make use of the

anomalous intensity difference signals in Friedel pairs from the

imaginary part f 00 of the anomalous dispersion for a given anomalous-

scattering element. In a SAD or MAD experiment, it is often desir-

able to have a good estimate of the anomalous signal to be measured

in order to help design the overall experiment for a given protein.

This is especially important for weak anomalous phasing signals from

e.g. intrinsic sulfur atoms in native protein structures.

In the existing literature, estimates of average anomalous differ-

ence signal hj�F�ji of Friedel pairs are based on the following

formula by Hendrickson & Teeter (1981):

hj�F�ji
hFi �

2NA

NP

� �1=2
f 00

Zeff

; �1�

where NA is the number of anomalous scatterers and NP is the

number of non-hydrogen atoms in the protein, Zeff = 6.7 is the

average number of electrons per non-hydrogen atom. This equation

is valid for zero scattering angle 2� = 0 only. Published data from

SAD phasing experiments (Dauter et al., 1999) show good general

agreements with (1) at low resolutions, but consistent deviations exist

at higher scattering angles. This is true even when angular depen-

dences of the atomic scattering factor for protein atoms are taken

into account (Dauter et al., 2002). The deviations are discernable

beyond the larger measurement errors associated with generally

weaker re¯ections at higher resolutions.

In this communication, we show that the experimental discrepancy

from (1) can be explained if, in addition to the atomic scattering

angular dependence, an effective temperature factor and a pair-

correlation form factor are included in the formula. For complete-

ness, an elementary derivation of a modi®ed equation (1) is given

below and an empirical expression is introduced for the effective

atomic form factor. Our results show good agreement with the

experimental data on insulin.

For a given Bragg re¯ection H, its structure factor is

F�H� � F 0�H� � iF 00�H�;

where

F 0�H� �P
j

�fj � f 0j � exp�i2�H � xj� � F 0 exp�i'0�; �2�

F 00�H� �P
j

f 00j exp�i2�H � xj� � F 00 exp�i'00�: �3�

For a Friedel pair �H, we have that

F��H� � F 0 exp��i'0� � iF 00 exp��i'00�
� �F 0 cos '0 � F 00 sin '00� � i�F 00 cos '00 � F 0 sin '0�

and its amplitude is

jF��H�j � ��F 0 cos '0 � F 00 sin'00�2 � �F 00 cos '00 � F 0 sin '0�2�1=2

� �F 02 � F 002 � 2F 0F 00 sin�'0 ÿ '00��1=2

� �F 02 � F 002�1=2 1� F 0F 00 sin�'0 ÿ '00�
F 02 � F 002

� �
:

The last step is permitted since F0 � F0 0. Thus the anomalous

difference signal is given by

j�F�j �
��jF��H�j ÿ jF�ÿH�j��
� 2F 0F 00jsin�'0 ÿ '00�j

�F 02 � F 002�1=2
:

Again since F0 � F00, we obtain that (see also Blundell & Johnson,

1976)

j�F�j � 2F 00jsin�'0 ÿ '00�j: �4�
If it is assumed that the anomalous scatterers are randomly located

in the structure, the root-mean-square (r.m.s.) expectation value of

jsin�'0 ÿ '00�j is hsin2�'0 ÿ '00�i1=2 � 1=21=2. Thus the average anom-

alous signal becomes

hj�F�ji � 21=2hF 00i:
Its ratio to the Friedel-averaged structure factor hFi is thus

hj�F�ji
hFi �

21=2hF 00i
hFi : �5�

The average value of the structure factor hFi can be obtained in the

following way. If it is assumed that NP atoms with an effective form

factor feff are randomly positioned in the unit cell, the average

intensity is simply NPf 2
eff. Thus the effective amplitude or structure

factor is
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hFi � N
1=2
P feff:

Similarly, for NA anomalous scatterers randomly positioned in the

unit cell, the effective hF 00i � N
1=2
A f 00. However, if the anomalous

scatterers are clustered or correlated, we have that

hF 00i � N
1=2
A f 00CA;

where CA is a correlation form factor for the anomalous scatterers

which is determined by interatomic distances of the scatterers and is

scattering-angle-dependent.

To include the effect of thermal vibrations, we introduce an

average difference B factor �B, de®ned as the difference between

the average B factors of the protein atoms, BP, and that of the

anomalous atoms, BA. In general, BA < BP and thus �B > 0 since the

anomalous scatterers are more tightly restrained by the structure

(although exceptions do exist). Therefore, (5) becomes

hj�F�ji
hFi �

2NA

NP

� �1=2
f 00

feff

CA exp �B
sin �

�

� �2
" #

; �6�

which agrees with (1) in the case of 2� = 0 and CA = 1.

Within the usual resolution range of 103±1 AÊ for protein

crystals, the anomalous dispersion corrections f 0and f 00 are essentially

independent of scattering angle or sin �=� (Warren, 1969). The

atomic form factor feff, however, does depend on sin �=�. To

take into account this dependence, we use the nine tabulated par-

ameters for each element given in International Tables for Crystal-

lography (2001), and an atom-population ratio of C:N:O:S =

4.83 :1.31 :1.45 :0.03 to calculate feff. The ratio is obtained by counting

the number of amino acid residues in nine representative proteins

(Richards, 1986). The result, feff versus 1=d = (2 sin �=�), with d being

the d spacing, is shown in Fig. 1 as open circles. We note that Zeff

given in (1) is simply the value of feff at 1=d = 0. Also shown is a ®t to

the calculations using a Lorentzian plus a constant, which can be used

as a general expression (inset, Fig. 1)for the atomic form factor of

non-hydrogen atoms in a protein.

In Fig. 2, we show an example of the calculated anomalous signal,

using (6), from sulfur atoms at � = 1.55 AÊ in cubic insulin. There are

NP = 532 non-hydrogen atoms (including 81 ordered water mole-

cules) and NA = 6 sulfur atoms in insulin (Badger & Dodson, 1991).

For sulfur, f 00 = 0.5567 at � = 1.55 AÊ (CXRO, 2002). We use a value of

�B = 3 for the B-factor difference between the protein and the sulfur

atoms. With these values, (6) yields a d-spacing dependence (dashed

curve, Fig. 2) that is in reasonable agreement with the measured

values by Wang & Ealick (2003). Although some of the increase in

the experimental values of hj�F�ji=hFi with scattering angle may

result from increased experimental errors as the count rates decrease

at higher angles, some consistent deviation from the theoretical

dashed curve is apparent even in the lower-resolution region.

A possible explanation of the deviation is the effect of correlated

sulfur atom clusters, such as disul®de bridges. Indeed, when a

spherically averaged correlation form factor known as the radial

(pair) distribution function (Warren, 1969)

CA � 1� sin�2�a=d�
2�a=d

�7�

is included, with an SÐS bond length a = 2.0 AÊ , the agreement with

the data appears to be much better, as shown by the solid curve in Fig.

2. This suggests that it may be possible to deduce the existence of

heavy-atom clusters from accurately measured anomalous difference

ratios hj�F�ji=hFi as a function of diffraction resolution, even before

a structural solution is attempted. It is also interesting to note that, at

extremely low resolutions, the correlated anomalous signal is always

greater, by as much as a factor of two in the case of disul®de bonds,

than the average value for random positions.

In conclusion, we have presented a general scattering-angle- or

d-spacing-dependent formula, equation (6), for the calculation of

anomalous difference signals in Friedel pairs of protein crystals. We

have shown that the angle dependence arises from three factors: the

atomic scattering factor of the protein atoms, the B-factor difference

between the protein and the anomalous scatterers, and the correla-

tion from possible anomalous atom clusters such as disul®de bridges.

The results from the formula appear to agree with the experimental

data very well in the case of the intrinsic sulfur signal from a cubic

insulin crystal. The simple formula may be helpful in optimal designs

of a SAD or MAD experiment.
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Figure 1
Effective atomic scattering factor feff for non-hydrogen protein atoms, shown as
open circles, as calculated using International Tables for Crystallography (2001).
The solid curve is a ®t to the calculations using a Lorentzian plus a constant.

Figure 2
Calculated S anomalous difference signal hj�F�ji=hFi using equation (6),
compared with experimental data on insulin (Wang & Ealick, 2003). No SÐS
correlations are included for the dotted (�B = 0) and the dashed curves (�B = 3),
while the solid curve includes a correlation form factor, equation (7), owing to
disul®de bonds of a = 2.0 AÊ .
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